ABSTRACT. Let a be a homogeneous ideal of a polynomial ring R in n variables over a field k. Assume that depth(R/a) ≥ t, where t is some number in {0, . . . , n}. A result of Peskine and Szpiro says that, if char(k) > 0, then the local cohomology modules H i a (M) vanish for all i > n − t and all R-modules M. In characteristic 0, there are counterexamples to this for all t ≥ 4. On the other hand, when t ≤ 2, exploiting classical results of Grothendieck, Lichtenbaum, Hartshorne and Ogus it is not difficult to extend the result to any characteristic. In this paper we settle the remaining case, namely we show: If depth(R/a) ≥ 3, then the local cohomology modules H i a (M) vanish for all i > n − 3 and all R-modules M, whatever the characteristic of k is.
INTRODUCTION
In his seminar on local cohomology [8, p. 79 ], Grothendieck raised the problem of finding conditions under which, fixed a positive integer c, the local cohomology modules H i a (R) vanish for every i > c, where a is an ideal in a ring R. In other words, looking for conditions under which the cohomological dimension cd(R, a) ≤ c. Ever since many mathematicians worked on this question (for instance see Hartshorne [11] , Ogus [21] , Hartshorne and Speiser [14] , Faltings [6] , Huneke and Lyubeznik [15] , Lyubeznik [19] ). In this spirit, we will study the relationships between cohomological and projective dimensions. Before explaining the results of the paper, we wish to summarize the essential known facts about this subject.
The two starting results are both due to Grothendieck (see [8] ): They are essential, as they fix the range in which we must look for the natural number cd(R, a):
ht(a) ≤ cd(R, a) ≤ dim R. Afterwards, first Lichtenbaum and then, more generally, Hartshorne [11] , settled the problem of characterizing when cd(R, a) ≤ dim R − 1. Roughly speaking, they showed that the necessary and sufficient condition for this to happen is that dim R/a > 0. By then, the next step should have been to describe when cd(R, a) ≤ dim R − 2. In general this case is still not understood. However, if R is a complete regular local ring containing a field, a necessary and sufficient condition is that the punctured spectrum of R/a is connected. This has been shown in [14] in positive characteristic and in [21] in characteristic 0. In [15] a characteristic free proof is given. Actually, if the ambient ring R is regular, cd(R, a) can always be characterized in terms of the ring R/a ( [14, 21, 19] ). However, in any of these papers, the described conditions are quite difficult to verify.
A classical result of Peskine and Szpiro obtained in [22] says that, if a is a perfect ideal of a regular local ring of characteristic p > 0, then cd(R, a) = ht(a). Their proof is based on the flatness of the Frobenius map R → R which, by the work of Kunz [16] , is equivalent to R being regular. We will notice that their idea works for all Noetherian rings of positive characteristic, see Corollary 2.2 (indeed also in some situations in characteristic 0, see Lemma 2.1), exploiting the acyclicity criterion that Buchsbaum and Eisenbud got in [3] instead of the result of Kunz. In characteristic 0 the situation is completely different. There are several instances of perfect ideals with high cohomological dimension, see Example 2.6: Such examples appear even in a regular ambient, thus we stick to the situation in which R is an n-dimensional regular local ring containing a field. In such a circumstance, if a is a perfect ideal of height n − 2, then cd(R, a) = n − 2. More generally, if depth(R/a) ≥ 2, then cd(R, a) ≤ n − 2, see Proposition 3.1. We know examples of perfect ideals of height n − 4 and cohomological dimension n − 3. However we do not know any example of ideals a ⊆ R of projective dimension ≤ n − 3 such that cd(R, a) > n − 3. Therefore we consider the case in which depth(R/a) ≥ 3. We show in Proposition 3.2 that H i a (R) = 0 for all i ≥ n − 1 and H n−2 a (R) p = 0 for any prime ideal of R different from the maximal one. As a consequence, we get that the Lyubeznik numbers of a local ring A (defined in [18] ) λ i, j (A) vanish for all 0 ≤ j < depth(A) and i ≥ j − 1, see Corollary 3.3. At this point, we focus on the special case where R is a polynomial ring in n variables over a field of characteristic 0 and a is a homogeneous ideal such that depth(R/a) ≥ 3. The main result of the paper is that, under the above assumptions, cd(R, a) ≤ n − 3 (see Theorem 3.5). In particular, if a is perfect of height n − 3, then cd(R, a) = n − 3. As a consequence, in Remark 3.7 we get several examples of prime ideals a ⊆ R such that R/a is not set-theoretically Cohen-Macaulay, thereby generalizing a result of Singh and Walther in [24] . More such examples can be produced using Proposition 3.8.
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IDEALS WITH SMALL COHOMOLOGICAL DIMENSION
Given an ideal a of a Noetherian ring R, its cohomological dimension, denoted cd(R, a), is the least natural number c such that the local cohomology modules H i a (M) vanish for all R-modules M and i > c. As it is well known, it is enough to check the condition for M = R. We have
and in this section we will find some ideals for which the above inequality is an equality. It is convenient to remind a definition: An ideal a ⊆ R is perfect if the maximal length of an R-regular sequence in a, namely grade(a), is equal to the projective dimension of R/a (in particular a perfect ideal has finite projective dimension). If R is a regular local ring, then a is perfect if and only if R/a is Cohen-Macaulay. The following fact has many interesting corollaries: Lemma 2.1. Let R be a Noetherian ring and a ⊆ R a perfect ideal. Assume that for all integers k ∈ N there is a ring-homomorphism φ k : R → R such that:
We infer that cd(R, a) ≤ g by the identity
We conclude because cd(R, a) ≥ ht(a) ≥ grade(a).
The first consequence of Lemma 2.1 is the promised extension of [22, Proposition 4.1].
Corollary 2.2. Let R be a Noetherian ring of positive characteristic. If a ⊆ R is a perfect ideal, then cd(R, a) = ht(a).
Proof. It follows from Lemma 2.1 considering the kth iteration of the Frobenius map as φ k .
Of course, the converse of the above corollary does not hold, since the cohomological dimension of a is an invariant of the radical of a. 
We notice other two consequences of Lemma 2.1. Proof. Once again, we want to use Lemma 2.1. To this purpose, we look at φ k induced by the monoid homomorphisms Γ ·k − → Γ, which satisfy the assumptions of Lemma 2.1.
Corollary 2.5. Let R be a Noetherian ring of positive characteristic and (r i j ) a m × n-matrix with entries in R. Let a be the ideal generated by the min{m, n}-minors of (r i j ). If ht(a) = |n − m| + 1, then cd(a) = ht(a).
Proof. Such an ideal
If a ⊆ R is the ideal generated by the t-minors of (x i j ), for t ≤ min{m, n}, then a is a perfect ideal of ht(a) = (m − t + 1)(n − t + 1). However, by [4] , we have cd(R, a) = mn − t 2 + 1. Therefore,
that, unless m = n = t or t = 1, is a positive integer.
CHARACTERISTIC 0
Notice that in Example 2.6 we have dim R/a = (t − 1)(m + n − t + 1). As one can check, d = dim R/a can be any natural number different from 1 and 2. Furthermore, if d ∈ {0, 3}, then we are forced to be in the special instances in which cd(R, a) = ht(a). However, if d ≥ 4, numbers for which cd(R, a) > ht(a) can always be chosen (for example, t = m = 2 and n = d −1, the case in which a defines the Segre product P 1 × P d−2 inside P 2d−3 ). In this section, we try to understand what happens in the remaining cases. Slightly more generally, we wonder if we can deduce cd(R, a) ≤ n − t knowing that depth(R/a) ≥ t, where t ≤ 3. If t = 0, then the vanishing theorem of Grothendieck implies cd(R/a) ≤ n. If t = 1, then one can show cd(R, a) ≤ n − 1 using the theorem of Hartshorne and Lichtembaum [11, Theorem 3.1]. When t = 2, one can show that cd(R, a) ≤ n − 2 provided that R is a regular local ring containing a field, exploiting a result of Ogus [21, Corollary 2.11] and one of Hartshorne [10, Proposition 2.1]. We will point out the proof of this last case.
Proposition 3.1. Let (R, m) be an n-dimensional regular local ring containing a field and a ⊆ R an ideal. If depth(R/a)
Proof. Suppose k = R/m where m is the maximal ideal of R. If char(k) > 0 we already know the result, so we can assume char(k) = 0. Take a faithfully flat homomorphism from (R, m) to a regular local ring (S, n) such that S/n is the algebraic closure of k (such a thing exists, it is a suitable gonflement of R, see [2, Chapter IX, Appendice 2.]). Faithfully flatness guarantees that S still contains a field, depth(R/a) = depth(S/aS) and cd(R, a) = cd(S, aS). Therefore we can assume that k is algebraically closed. Again since R is faithfully flat over R, we have cd( R, a R) = cd(R, a) and depth( R/a R) = depth(R/a). Thus it is harmless to assume that R is complete, so that R ∼ = k[[x 1 , . . . , For what said till now, it remains to understand the case in which t = 3: If a is an ideal of a regular local ring such that depth(R/a) ≥ 3, is it true that cd(R, a) ≤ n − 3?
Proposition 3.2. Let (R, m) be an n-dimensional regular local ring containing a field and a ⊆ R an ideal. If depth(R/a)
First let us assume that h = n − i. Since i < k = depth(R/a), p is not a minimal prime of R/a. This implies that dim R p /aR p > 0, which, using the Hartshorne-Lichtembaum theorem, yields 
This concludes the proof.
A first consequence of Proposition 3.2, concerns a fact on the Lyubeznik numbers of a local ring. We recall the definition: Let A be a local ring which admits a surjection from an n-dimensional regular local ring containing a field. Let a be the kernel of the surjection, and k = R/m. In [18] , Lyubeznik proved that the Bass numbers
a (R)) depend only on A, i and j, but neither on R nor on the surjection R → A. For this reason they are usually called the Lyubeznik numbers of A. Furthermore they can been defined for any local ring containing a field, if needed passing to the completion. In [18] it was also showed that λ i, j (A) = 0 whenever
Corollary 3.3. Let A be a local ring containing a field. If depth(
Proof. By [18, Corollary 3.6] the injective dimension of H i a (R) is bounded above by the dimension of the support of H i a (R), so the statement follows by Proposition 3.2. We do not know whether local rings as in Corollary 3.3 satisfy λ i−2,i (A) = 0 for all i < k. Actually this is related to the question we are investigating on. However, we can provide an example for which k > 3 and λ 0,3 (A) = 0. Example 3.4. Let I be the homogeneous ideal of S = k[x pq : p = 0, . . . , r q = 0, . . . , s] defining the Segre product P r × P s ⊆ P rs+r+s , where k is a field of characteristic 0 and r > s ≥ 1. Let m be the maximal irrelevant of S, R = S m , a = IR and A = R/a. We know from Example 2.6 that, if n = rs + r + s + 1, then H n−3 a (R) = 0. Moreover, if p ∈ SpecR is not maximal, then H n−3 a (R) p = 0: In fact, since P r × P s is smooth, aR p ⊆ R is generated by a regular sequence of length n − r − s − 1 < n − 3. Therefore dim(Supp(H n−3 a (R)) = 0, so H n−3 a (R) is an injective R-module by [18] . Because it is supported at m, we have H n−3 a (R) ∼ = E s for some s > 0, where E is the injective hull of k (as an R-module). Eventually,
Before stating the main result of the paper, let us introduce some notation: Let X be a projective scheme over a field k of characteristic 0. By H i DR (X ) we mean algebraic de Rham cohomology, as defined in [13] . If k = C, we denote by X h the analytic space associated to X . By [13, Chapter IV,
where by H i (X h , C) we mean singular cohomology with coefficients in C. Proof. Of course we need to show this only when the characteristic of k is 0, since in positive characteristic it is true by the result of Peskine-Szpiro. The properties in the hypothesis and in the thesis are preserved under flat extensions. So, since a is finitely generated, we can assume that Q ⊆ k ⊆ C, and eventually that k = C. That cd(R, a) ≤ n − 3 is equivalent to say that H i (P n−1 \ X , F ) = 0 for any coherent sheaf F on X = V + (a) and for all i ≥ n − 3. This, by [21, Theorem 4.4] , is equivalent to say that 
, by the universal coefficient theorem it is enough to show that H 1 (X h , Z) is zero. Let us consider the morphisms of sheaves
here Z X h denotes the locally constant sheaf on X h associated to Z). By the exponential sequence we know that the composition
) has to be injective too (actually the exponential sequence makes sense also for non reduced schemes, however we preferred to follow a different route because the lack of references). By [23] 
, and the last vector space is zero because depth(R/a) ≥ 3. So H 1 (X h , Z) ∼ = H 1 (X h , Z X h ) has to be zero. Remark 3.6. Under the assumption that X is smooth, where the situation is considerably simpler, we got the conclusion of Theorem 3.5 in [25] . Even in the smooth case, however, the above proof cannot be repeated to show depth(R/a) ≥ 4 =⇒ cd(R, a) ≤ n − 4. The point is that
so, by the presence of the middle term H 1 (X h , Ω 1 To show this, we claim that cd(R, a) ≥ N − 2, so that, since the cohomological dimension is independent on the radical, Theorem 3.5 would give the conclusion. To this purpose we can assume k = C. GAGA and Hodge decomposition imply that H 1 (C h , C) = 0: So H 1 (X h , C) = 0 by the Kunneth formula, thus cd(R, a) ≥ N − 2 by a result of Hartshorne, see [12, Theorem 7.4, p. 148 ].
The above remark shows how Theorem 3.5 can be used to produce ideals which are not set-theoretically Cohen-Macaulay. The following Proposition gives further such examples.
